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Solution 7

Coverage: 15.8 in Text.
Exercises: 15.8. No 1,3, 5, 7, 9, 12, 14, 15, 16, 19, 20, 25.
Submit no. 7, 12, 16 and 20 by Nov 2.

Supplementary Problems

1. The rotation by an angle 6 in anticlockwise direction is given by (x,y) = (cos® u —
sin @ v,sin @ u + cosf v). Verify that rotation leaves the area unchanged.

Solution. Let G be a region in the plane. The area of G is given by [, 1dA(u,v). After
the rotation G to D, and the area of D is [[,1dA(x,y). The Jacobian of the change of
9(z,y)
O(u,v)

variables

is easily calculated to be 1. Therefore,
|D| = // 1dA(z,y) :// 1 x 1dA(u,v) = |G| .
D G

Note. It is easy to verify that other Euclidean motions such as translations and reflections
also leave the area unchanged. Their Jacobians are all equal to 1.

2. Let D be the region bounded by four lines y = ax+b1,y = ar+bo,y = cx+di,y = cx+do
where you may assume ¢ > a > 0,b; < b and d; < do. Show the area of D is given by
(bg - bl)(dg — dl)/(c — a).

Solution. Letting u = y — ax and v = y — cx, then G is the rectangle [b1, ba] X [dy, d2].

‘We have
O(u,v)

Az, y)

By the change of variables formula, the area of D is

1 b2z 1 by — b1)(dy — d
//1>< dA(u,U):/ / 1 x dody — 2= 01)(d2 —d1)
G c—a b Jdb c—a c—a

=(—a)x1l—(-¢c)xl=c—a.




